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COMPLETE SYSTEMS OF CONSERVATION LAWS
FOR TWO-LAYER SHALLOW WATER MODELS

V. V. Ostapenko UDC 532.59

A well-posedness criterion for a complete system of conservation laws is proposed that assumes
mazimum compatibility of the convezity domain of the closing conservation law with the domain
of hyperbolicity of the model used. This criterion is used to obtain well-posed complete systems
of conservation laws for the models of two-layer shallow water with a free-surface (model 1) and
with a rigid lid (model 11).

Ovsyannikov [1] derived and studied three differential models of two-layer shallow water: model I, in
which the upper boundary of the fluid is a free-surface, model II, in which it is a rigid lid, and model III,
which is the general limiting case of the first two models. For these models, the hyperbolicity domains in
which discontinuous solutions are possible were determined. This led to the problem of formulation of these
models as complete systems of conservation laws [2-4].

In the present paper, we propose a solution of this problem using a well-posedness criterion for a
complete system of conservation laws. This criterion assumes maximum compatibility of the convexity domain
of the closing conservation law (which is the law of conservation of total energy) with the hyperbolicity domain
of the model considered. For model I, the well-posed complete system contains, as the basis laws, the laws of
conservation of mass in the layers, total momentum, and velocity jump at the interface between the layers.
For model II, the basis of well-posed system (corresponding to flows for which the ratio of the depths of the
layers is not too small) is a complete system in which mass, total momentum, and local momentum jump
at the interface between the layers are conserved at discontinuities. At the same time, when the ratio of the
depth of the upper layer to that of the lower layer is sufficiently small, the more well-posed system for model
I1 is a complete system in which the law of conservation of local momentum in the lower layer is satisfied
at discontinuities (along with the laws of conservation of mass and total momentum). Conversely, when the
ratio of the depth of the lower layer to that of the upper layer is sufficiently small, the more well-posed system
for model 11 is a complete system for which the law of conservation of local momentum in the upper layer is
satisfied at discontinuities (along with laws of conservation of mass and total momentum).

1. Complete System of Conservation Laws in the General Case. We consider the following
quasilinear system of conservation laws [2-4]:

u+ f(u): =0, (1.1)

where u(t,z) = (uy,...,um) is the desired piecewise-continuous vector function and f(u) = (fi,..., fm) is
a specified smooth vector function. System (1.1) is called a complete system if there exists a scalar function
U(u) such that:

(a) its gradient v(u) = Uy is an integrating factor for system (1.1), i.e., Uy, - f,, = Fy and, as a result.
system (1.1) admits the additional closing conservation law

Uu) + F(u): =0; (1.2)

Lavrent’ev Institute of Hydrodynamics, Siberian Division, Russian Academy of Sciences, Novosibirsk
630090. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, Vol. 40, No. 5, pp. 23-32,
September-October, 1999. Original article submitted September 23, 1997.

796 0021-8944/99/4005-0796 $22.00 © 1999 Kluwer Academic/Plenum Publishers



(b) the map u — wv(u) is locally one-to-one.
Introducing the generating functions (or potentials) ® = v-u — U and ¥ = v - f — F by a Legendre
transformation, we write the complete system of conservation laws (1.1) in symmetric form

(Qo)t + (Vo)z =0, (1.3)
whose extended nondivergent form is
Avy+ Bv, =0, (1.4)

where A = ®yy and B = Wy, are symmetric matrices. In [5], it was pointed out that a wide class of equations
of mathematical physics (in particular, gas-dynamic equations) can be brought to the symmetric form (1.3),
(1.4). The fact that the completeness of the system (1.1) is equivalent to the possibility of writing it in the
symmetric form (1.3) was shown in [5-7].

If the complete system (1.1) admits the closing conservation law (1.2) with the convex function U(u),
then the map u — v(u) of the basis variables u to the canonical variables v is automatically one-to-one, the
potential ®(v) is convex, and the matrix A(v) entering in the symmetric system (1.4) is positive definite [the
latter implies that system (1.1) is hyperbolic]. In {7, 8], the closing conservation law (1.2) for this complete
system (1.1) (called a conver ertension [7]) was used for selection of stable discontinuous solutions. These
solutions are defined as solutions that in a weak sense [2] satisfy the entropy inequality

Ulu)i + F(u): <0 (L.5)

(the functions U and F are called an entropy function and entropy fluz). Friedrichs and Lax [7] showed that.
for the complete system (1.1) with the convex extension (1.2), inequality (1.5) is satisfied by solutions of the
system with linear viscosity u; + f(u); = pus, in the limit 4 — 0. Lax [2] proved that if this complete system
is strongly nonlinear, the entropy condition (1.5) is locally (i.e., for shock waves of rather small intensity)
equivalent to the characteristic stability condition introduced in [9].

In many papers (see, e.g., [8, 10, 11]) it is assumed that for complete systems of conservation laws (1.1)
with the convex extension (1.2) the entropy condition {1.5) ensures the unique global solvability of the Cauchy
problem in a certain class of piecewise-continuous functions. Thus, the existence of the convex extension (1.2)
is regarded as the key requirement for well-posed formulation of a hyperbolic system in the form of a complete
system of conservation laws. For a particular complete system in the form (1.1), this means that the convexity
domain Q° of its entropy function must be maximum compatible with its hyperbolicity domain QF. In this
case, ¢ C OF since the complete system with convex extension is hyperbolic. In particular, if we have two
different complete systems of conservation laws (1.1) with convexity domains 2§ and Q§ that are obtained
from the same differential hyperbolic system and if 2§ C f, then the system with the convexity domain
€1 should be considered more well-posed. Below, complete systems of conservation laws for the equations of
single-layer shallow water and two-layer shallow water are analyzed from this viewpoint.

2. Complete Systems of Conservation Laws for the Single-Layer Shallow Water Equations.
Ignoring friction and assuming that the flow domain is a channel with a rectangular cross section and horizontal
bottom, we write differential equations of single-layer shallow water theory in the form [4, 12]

hi+ g, =0, (2.1)

v+ (v%/2 + gh) =0, (2.2)

where h is the fluid depth, ¢ = hv is the discharge rate, v is velocity, and g is the acceleration of gravity.
Equations (2.1) and (2.2) are the laws of conservation of mass and local momentum for each fluid particle
along the streamline. System (2.1), (2.2), as any other system of two scalar conservation laws, has an infinite

number of other linearly independent conservation laws but only the following two of them have a physical
meaning: the law of conservation of total momentum

q + (qu + ghz/Q)I =0 (2.3)



and the law of conservation of total energy
et + [(v* + 2gh)gls = 0, (2.4)
where
e = qu + gh?. (2.5)

Usually (see (4, 12]), when the differential model of shallow water (2.1)-(2.4) is formulated in the form
of a complete system of conservation laws, the law of conservation of mass (2.1) and the law of conservation
of total momentum (2.3) are used as basis conservation laws, and the law of conservation of total energy (2.4)
is employed as the closing conservation law (the corresponding symmetric form of system (1.3) is given in
[4]). In this complete system (denoted by S;), the total energy (2.5), which in terms of the basis variables
u = (h,q) is written as the function e(h,q) = ¢%/h + gh?, which is convex for A > 0, plays the role of the
entropy function U(u). The complete system Sy thus has the convex extension (2.4) in the entire hyperbolicity
domain of system (2.1), (2.3).

In contrast to the system S}, the complete system consisting of the basis conservation laws (2.1), (2.2)
and the closing conservation law (2.4) (this system is denoted by S3) has the entropy function

e(h,v) = (v? + gh)h, (2.6)

which is convex only for subcritical flows |v| < v/gh. Therefore (according to the criterion proposed above),
the system Sj is more well-posed than S (it is interesting that, in spite of this, for both systems S; and S the
entropy criterion (1.5) and the characteristic criterion {9] of stability are equivalent in the entire hyperbolicity
domain h > 0). Finally, if Eqs. (2.1), (2.2) are taken as the basis conservation laws and the law of conservation
of total momentum (2.3) is taken as the closing conservation law, then the entropy function ¢(k,v) = h - v
for such a “totally unphysical” system is not convex for all values of the basis variables A and v. Thus. for
the well-studied model of single-layer shallow water the criterion proposed in Sec. 1 uniquely determines the
physically well-posed complete system (2.1), (2.3), (2.4).

3. Complete Systems of Conservation Laws for Two-Layer Shallow Water Equations. The
differential equations of two-layer shallow water are [1]

" hit+ gz =0, Hi+Qr=0; (3.1)
ve+ [0}/2+ g(h+ H)le = =pzy Vi [VE/2 4 g(H + Ab))e = —Aps, (3:2)

where h, ¢ = hv, and v are.the depth, discharge rate, and velocity in the upper layer, H, Q = HV, and
V are the same variables in the lower layer, ¢ is the acceleration of gravity, p is the pressure on the upper
boundary, and A < 1 is the ratio of the densities of the upper and lower layers. Equations (3.1) and (3.2) are
the conservation laws for mass and local momentum in each layer.

From system (3.1), (3.2), for p; = 0, we obtain model I with a free surface, and for

h+H=H", g+Q =0, H* = const, (3.3)

we have model II with a rigid lid. System (3.1), (3.2) has two other physically meaningful conservation laws:
for the total momentum,

at + [QV + Aqu + g9 /2]: = —=AH"p;, (3.4)
where o = Q + Aq, ¢ = H? + Ah% + 20k H, and for the total energy,
et + [QV + Aqv® + 29(Ha 4+ M(Q + 9))]- = 0, (3.5)
where
e=QV + Aqu + go. (3.6)

There are no other independent conservation laws for model 1.
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Fig. 1

Similarly to the single layer case (see [13]), we assume that for discontinuous waves, the total momentum
« is conserved and the total energy e dissipates. Taking account of this, we choose the law of conservation of
total energy (3.5) as the closing conservation law for both models I and II.

Model II. It follows from (3.3) that system (3.1), (3.2) must have only two basis conservation laws.
one of which is the law of conservation of mass (3.1). To obtain the second law, it is necessary to eliminate the
pressure p; from the momentum equations (3.2) and (3.4), and this can be done by three different methods.

System II.1. Eliminating p; from the local momentum equations (3.2), we obtain the law of
conservation of jump in local momentum at the interfuce between the layers as the second basis conservation
law:

B+ [(V? = 2?)/2 + pgH), =0, (3.7)

where 8 = V — Av and g = 1 — A (we note that § coincides with the “normalized” velocity introduced in
[1]). For the complete system thus obtained (which is denoted by II.1), the conservation laws (3.2) are not
satisfled at a discontinuity because the jump in pressure p; at the discontinuity must be determined from the
law of conservation of total momentum (3.4).
Expressing the total energy (3.6), which, in view of (3.3), has the form
e= % Q% + g¢, (3.3)

in terms of the basis variables 4 and H, we obtain
Hh
e(8, H) = — B + g, (3.9)

where a = h 4+ AH, p = H? + Ah? + 20hH, and h = H* — H. Function (3.9) is convex provided that
(h* — AH?)? 32 pga®

AHh(H*)? AH*)*

This strengthens the hyperbolicity condition for model II obtained in [1]:

1+

(3.10)

2 pgd® .
B < NH)E (3.11)

In Fig. 1, the hyperbolicity domain (3.11) in the plane of the basis variables 3 and H is shown by
the curvilinear trapezium ABC D, whose vertices have the coordinates A(—p3y,0), B(081,0), C(82, H*), and

D(—8, H*), where B1 = \/pgH* /X, B2 = A\/ugH*, and A = 0.5. The convexity set of the total energy (3.10)
is represented by the set OF H*E inscribed in the trapezium, and its boundary points £ and E have the

coordinates F(f3, Hy) and E(—gs, Ho), where Ho = H*/(1+v/X) and B3 = \/ugv/AH*. One can see in Fig. 1
that the convexity domain (3.10) is in fairly good agreement with the hyperbolicity domain (3.11): it contains
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the main central part of the hyperbolicity domain and “cuts off” its corners, which correspond to physically
less stable flows with a rather large jump of momentum at the interface between the layers in the case where
the depth of one of them is small.
System IL.2. Assuming that the local momentum of the lower layer is conserved at a discontinuity
and eliminating p; from Eq. (3.4) and from the second of Egs. (3.2), we obtain the basis conservation law
2 v2 * g 2 2
B+ |2 (hH* —2aH) + L (H? + 2HA + Mb )] =0,
2h 2 z
where § = H*V —a = hf3. This basis conservation law follows from the laws of conservation of total momentum
(3.4) and local momentum in the lower layer [the second of Eqs. (3.2)] provided that the pressure jump p; at
a discontinuity is determined from one of them.
Writing the total energy (3.8) in the new basis variables 8 and H, we obtain the function C(B, H) =
HpB?/(ha) + g, which is a convex function provided that

8% < uga®/ip, (3.12)

where ¥ = [r® + (2 + A)r? + (1 + 2X)r + AJH? (r = h/H). From Fig. 1, where the convexity domain (3.12)
is bounded by the curve passing through the points D, O, and C, it follows that this domain is in good
agreement with the hyperbolicity domain (3.11) only for rather large depths of the lower layer H (more
accurately, for small r = h/H). Then, according to the well-posedness criterion of complete systems of
conservation laws proposed above, system II.1 is more well-posed than system I1.2 for depths 0 < H < Hj
with Hy = (3 — /1 +8X)H*/(2y), for which the convexity domain (3.12) corresponding to system I1.2 is
strictly inside the convexity domain (3.10) corresponding to system II.1 (see Fig. 1). Conversely, for depths
H, < H < H*, for which the convexity domain (3.10) is strictly inside the domain (3.12), system I1.2 is more
well-posed than system IL.1.

System II.3. Assuming that the local momentum of the upper layer is conserved at a discontinuity
and eliminating p; from Eq. (3.5) and from the first of Egs. (3.2}, we obtain

2
v

Bz-*-[ (2ah—/\HH*)+2(H2—2)\HH*—/\hg) =0, (3.13)
2H 2 z

where 3 = a — AH*v = HB. The new basis conservation law (3.13) is an integral consequence of the laws of
conservation of total momentum and local momentum in the upper layer provided that the pressure jump p,
at a discontinuity is determined from one of them.

Expressing the total energy (3.8) in terms of the basis variables 8 and H, we obtain the function
~ h -
H) = — p?
e(8,H) = 7~ 5" +g¢,
which is convex provided that

B < uga’ /i, (3.14)

where ¥ = [N R> + A3 + )R? + (3 + 2u)R + (1 + 2u)]h? (R = H/h). From Fig. 1, where the convexity
domain (3.14) is bounded by the curve passing through the points M, H*, and N [the abscissas of the points
N and M are +y/pugH*/(1 4+ 2u)] it follows that the domain (3.14) is in relatively good agreement with
the hyperbolicity domain only for sufficiently small depths of the lower layer H (more precisely, for small
R = H/k). A comparison of the convexity domains for systems II.1 and II1.3 shows that system II.1 is more
well-posed than system 11.3 for H; < H < H*, where Hy = RiH*/(1 — R;) and R; is the corresponding root
of the cubic equation A(2 + u)R® + (3 +2u)R? + 3uR — 1 = 0, and, conversely, system 1.3 is more well-posed
than system II.1 for small depths of the lower layer 0 < H < Hj.

Summarizing the results obtained above, we conclude that inside the hyperbolicity domain of system II
there are three different subdomains and each of them has its own well-posed complete system of conservation
laws. System II1.1 is well-posed in the main central part of the hyperbolicity domain, where H; < H < H,.
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System I1.2 becomes well-posed for great depths of the lower layer satisfying the inequality H, < H < H*,
and, finally, system I1.3 is well-posed for small depths of the upper layer satisfying the condition 0 < H < H;.

In conclusion, we determine how Fig. 1 transforms in the limits A — 0 and A — 1. As A — 0, the
abscissas of the points A and B tend to Foo, those of M and N tend to F\/gH*/3, and the abscissas of the
points £, F, D, and C tend to zero. In this case,

429 — 17
IrH* ~0.13H*

/{%f[g()\):H*, /{i_%Hl(/\) =
(as an example, the case of A =0, 1 is shown in Fig. 2). As A — 1, the abscissas of the points A, M, E, and
D tend to —y/gH*, those of the points B, N, F, and C tend to /gH*, while the ordinates of the points E
and F tend to H*/2 and }m} Hi(A) = H*/3 and ;m} H3{\) = 2H*/3 (this limiting case is shown in Fig. 3).
The natural (at first glance) assumption that the limiting case shown in Fig. 3 must correspond to the

model I1I of [1] in the limit

u— 0, H— H'H, B — \JuH*B, t =t/ uH* (3.15)

turns out to be wrong. An explanation of this is that for model III, the equation of total energy (3.5) takes
the form

er+ [Hh(h — H)B%); = 0,

where e = HhB3? %nd h =1— H, and, hence, the to~tal energy e in terms of the basis variables § = V — v and
H (system II.1), # =V and H (system 11.2), and 8 = v and H (system 11.3) is written as
Hp? 1—H

It is easy to see that all three functions (3.16) are nonconvex in the entire domain of hyperbolicity {0 < H <
1, [8] < g} for model III.

Model I. For well-posed formulation of model I in the form of a complete system of conservation
laws, the two laws of conservation of mass in the layers (3.1) and the law of conservation of total momentum
conservation (3.4) must be used as the basis laws, and the total energy conservation law (3.5) must be
employed as the closing conservation law. We first consider the system of basis conservation laws for which
total momentum is not conserved.

System 1.0. For system 1.0, we choose the law of conservation of mass (3.1) and the laws of conservation
of local momenta in the layers (3.2) as the basis conservation laws. Expressing the total energy (3.6) in terms

e(B,H)=H(1L—H)B*,  e(f,H)=
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of the basis variables V. v, H, and A of system 1.0, we obtain the function
e(V,v, H k) = HV? 4+ Ahv? + g(H* + MR + 2)RH),

which [similarly to its analog (2.6) for a single-layer fluid] is convex provided the flows in both layers are

subcritical
WVI<\oH,  lol</gh (3.17)

and if the following condition [which strengthens (3.17)] is satisfied:
(Hg — V¥)(hg — v%) > A\g*hH.

Obviously, these conditions are not compatible with the hyperbolicity condition obtained in [1] for model I,
which imposes a restriction only on the difference of the velocities in the layers, and, therefore, system 1.0
cannot be considered well-posed.

System I.1, 1.2, and I.3. For systems 1.1, [.2, and 1.3, we use the two laws of conservation of mass
in layers (3.1) and the law of conservation of total momentum (3.4) as the basis conservation laws. As the
fourth basis conservation law, for system 1.1 we take (by analogy with system 11.2) the law of conservation of
the jump of local momentum at the interface between the layers (3.7), for system 1.2 we choose (by analogy
with system II.1) the law of conservation of local momentum in the lower layer [the second of Egs. (3.2)], and
for system 1.3 we take (by analogy with system I1.3) the law of conservation of local momentum conservation
in the upper layer [the first of Egs. (3.2)].

Expressing the total energy (3.6) in terms of the basis variables a, 3, H, and h of system 1.1, we obtain

e(a, 8, H, h) = (ba® + 2uHhaf + HhaB?)/(H*)? + go,
where b = H + Ah, a = A\H + h, H* = H 4+ h, and ¢ = H? + Mh? 4+ 2A\hH. The necessary condition for
convexity of this function egg > 0, written in the hyperplane H* = const for « = 0 and A > 0.5, is
B = (V = )% < ug(H")?/[(2X = 1)H + (2 — M)A (3.18)

Writing the total energy (3.6) in terms of the basis variables a, V', H, and h of system 1.2 we obtain the
function

e(a, V, H,h) = (o —2HaV + HbV?)/(AR) + ge,
for which the necessary convexity condition eyyvegg — e%/H > 0 for & = 0 is given by

| V2 < A\gHRb/(H? + Hb + b*). (3.19)

Writing the total energy (3.6) in terms of the basis variables «, v, H, and h of system [.3, we obtain the
function

e(a,v, H,h) = (a® = 2Mhav + Abv®)/H + gy,
for which the necessary convexity condition eyyepp — €25 > 0 for @ = 0 is given by
v? < gHhb/(h® + hb + b°). (3.20)

Since inequalities (3.18)-(3.20) are not compatible with the hyperbolicity condition for system I (which
imposes a restriction only on the difference of the velocities in the layers), all three systems [.1, 1.2, and
1.3 (as well as system [.0) are not well-posed.

System I.4. An analysis of systems 1.1, [.2, and 1.3 shows that the necessary condition for convexity of
the corresponding function leads to a restriction on the fourth, additional basis function. Since this function
does not coincide with the velocity difference in the layers (which enters in the hyperbolicity condition for
system [), the convexity conditions obtained turn out to be incompatible with the hyperbolicity condition.
This leads to the assumption that to obtain a well-posed complete system of conservation laws for model I,
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Fig. 4

it is necessary to supplement the laws of conservation of mass in the layers (3.1) and total momentum (3.4)]
by the basis law of conservation of velocity jump at the interface between the layers:

7+ (V2 —v?)/2 - pgh], =0,

where v = V — v (this system is denoted by 1.4). We note that the same additional basis conservation law
appears in the limiting case for the models proposed in (14, 15].

Writing the total energy (3.6) in terms of the basis variables o, v, A, and A of system 1.4, we obtain
the function

e(a,7, H,h) = (o + AhHY*) /b + go,

which is convex provided that

7l < flA,r) = Xb; \/g (c—\Jc? —4A2ur3), (3.21)

where b =1+ Ar, c =1+ X3 and 5 = v/vH = (V — v)/VH. Here and r = h/H are the same variables
as the ones used in [1] to formulate the hyperbolicity condition for model I. In this case, the function f(A,r)
has the limits

hm f(hr)=0,  lim f(Ar) = Vkg/A

[n Fig. 4, the convexity domain (3.21) is shown for A = 0.2, 0.5, and 0.8 and g = 10. This domain is
entirely contained in one of the two unconnected subdomains of the hyperbolicity domain for model I, i.e..
the subdomain that corresponds to small values of the velocity jump +, for which the flow is more stable from
a physical viewpoint.

Thus, the convexity condition (3.21) is in good agreement with the hyperbolicity condition for model
I, and, hence, the complete system of conservation laws is well-posed.

We note in conclusion that the complete system for model III, for which unique solvability of the
problem of decay of an arbitrary discontinuity in the hyperbolicity domain was proved in [16] using the
characteristic stability condition of (9], is the general limiting case (3.15) of the well-posed complete systems
[.4 and 11.1. We also note that the complete systems 1.4 and II.1 can be extended to the cases of plane potential
flows and multilayer shallow-water flows.

This work was supported by the Russian Foundation for Fundamental Research (Grant No. 96-01-
01546).
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